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Abstract. We present integral representations of solutions to di- 
vision problems in C" involving matrices of polynomials. We also 
find estimates of the polynomial degree of the solutions by means 
of careful degree estimates of the so-called Hefer forms which are 
components of the representations. 
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1. Introduction 

Let P(z) = (Pi(z), . . . , P m (z)) be a tuple of polynomials in C™, and 
§(z) another polynomial in C n which vanishes on the zero set Z of 
P. By Hilbert's Nullstellensatz, we can find v e N and polynomials 
Q{z) = (Qi{z), . . . , Q m {z)) such that 

$" = p.Q = p i Q 1 + ... + P m Q m . 

There has been much research devoted to finding effective versions of 
this, i. e. determining bounds on v and the polynomial degrees of the 
Qi's. These degrees depend not only on the degrees of P and <3>, but 
on Z and the singularity of P at infinity. 

A breakthrough in the problem of degree estimates came in [6], where 
Brownawell found bounds by a combination of algebraic and analytical 
methods. The optimal degrees, which are slightly better than Brow- 
nawell's, were found by Kollar in [TT], using purely algebraic methods. 
There are also classical theorems by M. Nother and Macaulay which 
treat simpler cases where one has conditions on the singularity. 

In [T], the problem of solving 

(1) $ = P ■ Q = PxQl + ■■■ + PmQm 
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with degree estimates is treated by means of residue currents on P n 
based on the Koszul complex. One can then recover the Nother and 
Macaulay theorems. In the same article are explicit solutions Q con- 
structed by means of integral representations; one then has some loss 
of precision in the degree estimates. 

It is natural to look at generalizations of the division problem (pQ) to 
the case where P is a matrix. More precisely, we let P be a polynomial 
mapping C n — > Hom(C m , C r ), i. e.anrxm matrix P where the entries 
are polynomials in n complex variables. Let <3> = ($1, . . . , $ r ) be an r- 
column of polynomials. If we assume that there exists an m-column of 
polynomials Q such that $ = PQ, we want to find an explicit solution 
Q and get an estimate of its degree. We can reduce the case r > 1 
to the case r = 1 by means of the Fuhrmann trick [7] (see Remark [TJ), 
however, we will then lose precision in the degree estimates. 

The case r > 1 is treated in [3], where an estimate of the degree 
of the solution is obtained by means of residue currents on P™, based 
on the Buchsbaum-Rim complex. The aim of this paper is to present 
explicit integral representations of Q for r > 1. The paper [2] contains 
a method of obtaining explicit solutions to division problems $ = PQ 
over open domains X C C n , and we will adapt this method so that 
we can use it on P n . Also, we present careful degree estimates of so- 
called Hefer forms, which make it possible to estimate the degree of the 
solutions. We will lose some precision in the degree estimates compared 
to [3], but in return we get explicit solutions. We also point out that 
in principle, explicit solutions can be obtained which satisfy the same 
degree estimates as in [3]. 

2. A DIVISION FORMULA FOR TUPLES OF POLYNOMIALS 

Instead of solving the problem $ = PQ in C n , we will homogenize 
the expression and look at the corresponding problem in P n instead. 
Let C = (Co, CO = (Co, Ci, • • • Cn). Set = C P $(C7Co), where p = deg $; 
the entries of <fi will then be p-homogeneous holomorphic polynomials 
in C n+1 , and can be interpreted as sections of a line bundle over P n . 
Assume that deg (P J ) < dj, where P- 7 is column number j in P, and let 

p(C) be the matrix with columns pi(() = Co^-^XCVCo)- We will try to 
solve the division problem 4> = p-q by means of integral representation. 
Generally, this is not always possible, so we will get a residue term cf>R p 
as well. When annihilates the residue BP, we can solve the division 
problem. Dehomogenizing q will give a solution to our original problem. 

We will now find integral representation formulas which solve the 
division problem in a more general setting, and return to our original 
problem in Section 0J Let S = C[zq, . . . , z n ] be the ring of holomorphic 
homogeneous polynomials over C n+1 with the ordinary grading, and let 
S(—k) denote the same ring, but where the grading is given by adding 
k to the degree of the polynomial. For example, the constants have 
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degree k. Assume that we have a graded complex M of modules over 

C n+1 

Mn ^ ■ ■ ■ M l M - 0, 

where M m = S(— d^)®. . .@S{—d r ^) has rank r m and basis e m i, . . . , e mTr 
We will take d = for all z. Since the complex is graded, f m must 
preserve the degree of elements of M m . To attain this, we must have 

(2) /ra = fm e m-l,i ® e mJ -, 

where is a c?^ l _ 1 — ^-homogeneous holomorphic polynomial. Let 
M = M + - • - + M N . We define / : M -> Af to be such that / ]Mm = / m . 

Let C(— 1) denote the tautological line bundle over P n , and if k is 
positive we let O(-k) := £>(-l)® fc and 0(k) := {0{-l)*) m . Note 
that sections of 0{k) can be seen as fc-homogeneous polynomials in 
C n+1 . Our complex over C n+1 has an associated complex E over P n , 
namely 

-»• E N -^U ^ Ei E -> 0, 

where 

E m = ^ 0(4) (g) L mi 
i=i 

and the L mi are trivial line bundles with frames e m i- We can then write 

Tm-\ r m 

fm — ^ ] ^ ] fm e m-l,i <E> e m j' 

where is the section of 0(6^^ — <i^J corresponding to in ((2j). 
Note that from £7, we can obtain a complex £" of trivial vector bundles 
over C n , simply by taking the natural trivialization over the coordinate 
neighborhood {Co 7^ 0}. We have 

(3) - E' N ^ ■ ■ ■ E[ E' -> 0, 

where -F m (C0 — /m(l, C') f° r (' € C™, and i?^ is a trivial vector bundle 
of rank r m over C n . 

We introduce a Z 2 -grading on E, by writing E = E + © E~ where 
E + = E 2 k and = ©-E^fc+i, and we say that sections of E + 
have even degree and sections of E~ have odd degree. This induces a 
grading EndE = (End_E) + ©(End.E)~ where a mapping / : E — > E has 
odd degree if it maps E + — ► i£~ and — > and similarly for even 
mappings. We also get an induced grading on currents taking values 
in E, that is, V 99 (F n ,E), by combining the gradings on V 9 ,(F n ) and 
E, so that a® 4> = (— l) de s Q ' de s<^0 © a if a is a current and a section 
of Similarly, we get an induced grading on V 9 ,(P n , End-E), then B 
is an odd mapping. Since / is odd and holomorphic, it is easy to show 
that 8 o / = — / o 3. 
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Let Zi be the set where /j does not attain its highest rank, and set 
Z = [J Zi. To construct integral formulas, we need to find currents 
Uk with bidegree (0, k — 1) and R k with bidegree (0, k), with values in 
Hom(E , E k ), such that if U = U k and i? = ^ fc R k , then 

(4) (f-B)U = I Eo -R. 

For the reader's convenience, we indicate the construction here, but 
see [5] for details. We first define mappings o~i : E^\ — > £!$ defined 
outside Zj, such that fiOi = Id on Im/j, cr, vanishes on (Im/i)- 1 , and 
ImcTj _L Ker/j. Now, set u\ = o~\ and u k = akd(Jk-i A ■ • ■ A do\. We 
have (/ - d)u = Y.k(fkUk - du k ) = f x ax + ^ fc (<9«jfc-i ~ 9u k ) = ld Eo 
outside Z. To extend u over Z, we let U be the analytical continuation 
of \f\ 2X u to A = 0, then we get Q. Note that for degree reasons we 
necessarily have Uk — for k > p + 1, where /x = min(n, N — 1). 

We will need to recall a proposition about representation of holo- 
morphic sections of line bundles over P n . See for example [8] for more 
on this. Let z = (1, z') be a fixed point, and set 

n d 

If we express a projective form in homogeneous coordinates, we can let 
contraction with 77 act on it and get a new projective form. In fact, we 
will get an operator 

5 V : P; +1 , (P n , 0{k)) - 2^ (P", 0{k - 1)), 

where £>[ (P n , 0(h)) denotes the currents of bidegree (I, 0) taking val- 
ues in 0{k). 

Proposition 2.1. Let be a section of O(p), and let g(C,z) = 

<?o,o+- • -+9n,n be a smooth form, where g kjk is of bidegree (k, k) and takes 
values in 0(p + k). Assume that (5 V — d)g = and go,o(z, z) = 4>(z). 
Then we have 



(gAa 



n+p\ 

In.nj 



where 



z-C ~(-d( 
a — cto + ai = 7—75 — a- 



ici 2 2«icr 

The idea now is to find a weight g that contains fi as a factor, and 
then apply Proposition 12.11 As components of the weight, we need 
so-called Hefer forms. We define f^ : E m — > E m _\ to be the mapping 

r m -i r m i j 

fm = fm( Z ) e m-l,i ® e m j- 

i=l j=l 



EXPLICIT SOLUTIONS OF DIVISION PROBLEMS FOR MATRICES OF POLYNOMIALS 

Proposition 2.2. There exist (k—l, 0) -form-valued mappings h l k ((, z) : 
E k — > Ei, such that h! k = for k < I, h\ = I El , and 

= h l k _J k - fi z +1 h[ +1 

Moreover, the coefficients of the form (h l k ) a fi, that is, the coefficient of 
eia <8> e* k g, will take values in 0(df — d k + k — I), and can be chosen so 
that they are holomorphic polynomials in z' of degree df — d k — (k — l). 

We will prove this in the next section. Now we can define our weight: 

Proposition 2.3. If 

9 = f* E KU k + J2 h °k R k = fi hlu + h ° R , 

then 5-0,0 1 a = Ie and V. n g = 0. 

The following proof is identical to the one in Section 5 in [2j, except 
that our proof will be in ¥ n instead of C n . We include it for the reader's 
convenience. 

Proof. By definition, we have 

(5) V v g = fl[(h l f - f z h 2 )U - h}dU] + {h°f - f z h l )R - h°BR. 

Note that one has to check the total degree of h 1 and h° to get all the 
signs correct. Since dU = fU — R — Ie and f 2 = 0, the right hand 
side of ((5|) is equal to 

ffitffU - h\fU -R- I Eo )} + h°(fR - dR) - fh x R. 

Furthermore, we have h l lE = and (/ — B)R = (/ — B)(R + Ie ) = 
(f—B) 2 U = 0, so it follows that V v g = 0. We also have g ,o = f z h\Ui = 
f z U u so that cfo.o I a = fUi = I Eq - □ 

This is the main result of this section: 

Theorem 2.4. Let 0(C) be a section of O(p) (g> E Q . Fix z = (l,z') 
and let $(V) = </>(l,z'), and Fi(z') = f\{l,z'). If g is defined as in 
Proposition ^. 3[ we have the following decomposition: 



= J g( j) a a n+p = Fi(z')Q(z) + j h°R<f) A a 
where Q(z') = Y^i Qi{z')eij with 

QM= [(o d Hh 1 U<PU(,z)Aa n+ P. 



n+p 



If R(p = 0, the second integral will vanish and we get a solution to 
our division problem. Moreover, we get the estimate deg Z 'F\Q < 
max fej/3 (p - d p k ). 
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Proof. First, we note that 

ro 

g<f> = ^2(g<t>) j e oj, 

and according to Proposition 12.31 (g<p)j is a weight of the type needed 
to apply Proposition 12 . 1L Now we need only check the degree in z'. 
The term in (g<fi)j of bidegree (k,k) is (fih\ +l Uk+i(p)j (if we disregard 
the terms containing R). We must pair this with aQ +fc a" _fc to get 
something with full bidegree in z. 
The degree in z' of a term in 

E (fi)Uhl +1 U(U k+1 )^ A a p +h ar k 

fe,a,7,/9 

is — + (d% — d k+1 — k) + (p + k) = p — d k . We get the estimate 
deg FiQ < max k:l3 (p - . □ 



3. Constructing Hefer forms 

In this section we construct Hefer forms for the complexes E and E', 
and investigate their degrees. We first state and prove a more general 
theorem, and obtain as a corollary Hefer forms H l k with specific degrees 
for the complex E' over C n . From the H l k we get corresponding Hefer 
forms h k for the complex E over P n , i. e. we prove Proposition 12.21 in 
the previous section. 

Let 5^_ 2 denote contraction with the vector field 

n d 
l ^ 

Theorem 3.1. Let <j>(C,z) be a (1,0) -form with holomorphic polyno- 
mials of degree r for coefficients. If I > and 6^- z 4> = 0, we have 
4> = d~(~ z ip, where tjj is a (I + 1,0) -form with holomorphic polynomials 
of degree r — 1 for coefficients. If I = 0, let (j)(() be a holomorphic 
polynomial. We can then write (j)(() — <j)(z) = 5^ z ip, where tjj satisfies 
the same conditions as above. 

For the proof of Theorem 13.11 we need a lemma: 

Lemma 3.2. Let a = (a\, . . . , a n ) and (3 = (j3\, . . . , (3 n ) be multiindices 
and Dr the ball with radius R in C n . We have 

(6) I aAR := [ w a w p d\w\ 2 A (ddlwl 2 )* 1 - 1 = 

JdD R 

if a 7^ (3 and (Tj|) is non-zero and proportional to R 2 ^ a \ +n ^> if a = (3. 
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Proof, (of Lemma l3^2l) The integral is unchanged if we take the pullback 
of the integrand by the function A(w) = (\iw%, . . . X n w n ), where Aj G C 
and |A| = |(Ai, . . . A n )| = 1. We have 

I aAR = I (Aw) a (A^fd\Aw\ 2 A {dd\Aw\ 2 ) n - 1 = X a X^I aAR . 

JdD R 

It is now clear that I a ,p,R — if a ^ (3. A similar calculation gives 

W= / (^) Q (^) Q a|^| 2 A(aa|it;«;| 2 ) n - 1 = it; 2 (i a i + ")/ C()ail , 

JdD 

which shows that I a , a ,R is proportional to _R 2 (H+«). □ 

Proof, (of Theorem 13 . 1 p The setup here is the same as in Section 4 
in [2J. We view E = T 1 * (C n ) as a rank n vector bundle over C n 
and let /(£) = 2ni(( — z) • e*, where z G C n is fixed, be a section of 
E* = Ti j0 (C n ). We can now express the contraction 5q- z as 5f operating 
on E. Take a section z) of A l E with holomorphic polynomials of 
degree r for coefficients. We want to show that = Sfip, where ip is 
a section of A l+1 E with holomorphic polynomials of degree r — 1 for 
coefficients. 

Let D C C™ be the unit ball. We let h = dw A e*, then = 
2m(w — C) ■ e* = /(w) — /(C)) so that /i will work as a Hefer form. Let 

w • e 
27ri(|w| 2 — w • z) ' 

then 5f( w )cr = 1 if w ^ z. Set w = J^cr A (da) k , note that w depends 
holomorphically on z. Since w is integrable, we let U be the trivial 
extension over z. Moreover, we have (5f( w ) — d)U = 1 — R, where Rk = 
for k < n and (Sh) n Rn = [%]■> where [ z ] denotes the (n, n)-current point 
evaluation at z. This follows, for example, from Theorem 2.2 in [4]. 
Let 4>((,z) be a section of A'i? with / > which satisfies 5/(^)0 = 0. 
We set 

g(w, = S m z)) + <^V(™, z)); 

a calculation shows that (S w ^ — d)g = and <7o,q(C> = <KC z \ Note 
that the second sum is actually zero since R A = 0. 
Now define 

9i(w, = Xd~ Bxd A — - — =Xd~ 9xd AVsA (Bs) k 

where 

1 w ■ dw 

27TZ \w\ 2 — W ■ ( 

Note that (S w -^ — d)g\ = and (<7i)o,o(C>0 = 1- Also, g\ depends 
holomorphically on (. 

We can now take a current u = tti,o + • • • + u n . n -i that is smooth 
outside ( and such that — d)u = ! — [£]. We have (5 W ^ — 
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d)(u Ag Ag x ) = g A g x - [Q A g A g x = g A g x - <p{(,z)[Q, so that 
d(u A g A g\) n ,n-i = 0(C, z)[(] ~ (9 A S-i)n,n- Stokes' theorem gives us 
0(C^) = 5 f{C) T( t ) where 

n_Z w ■ e A (5 h ) k „ x [(dw ■ e) k ~ l A 0] A 9|w| 2 A (^<9<9M 2 ) n - fc 
27Ti(l - w ■ z) k (l - w ■ 



J dD w y 



This is seen by noting that ^cr A s = and that 

R dw ■ e 

a Ada = a A 



w\ 2 — w ■ z 



First, note that Tcf) is holomorphic in ( and 2; and takes values in A^ 1 ^. 
To see that the coefficients are polynomials of degree r — 1, we write 



^ 00 
^7 = 5>0' 



s 

and similarly for 1/(1 — w • z). The only place in T<p where w 's occur 
is in 0, and according to Lemma [3721 we need to match those up with 
a corresponding number of w's. These can come either from the factor 
w ■ e, or from the geometric expansions. It is clear that if we start with 
a term in (p(w, z) which is of degree r in w, after we integrate we shall 
get a term which is of combined degree r — 1 in ( and z. It is easy to 
see that the same thing is also true if we start with a term which is of 
combined degree r in z and w. The case when 0(u>) takes values in the 
trivial bundle is proved in a similar way. □ 

We will now find Hefer forms for the complex E' by means of Theo- 
rem [HUJ 

Proposition 3.3. There exist (k — 1,0) -form-valued mappings H l k : 
Ej, — > Ei, where the coefficients are holomorphic polynomials in ( and 
z, such that H l k = for k < I, Hi = Ie u and 

(7) k- z H{ = fljUiF fc (C) - F l+1 (z)H l k +1 . 

Moreover, the polynomial degree of (H l k ) a p (that is, the coefficient of 
eia®e* k p) is df -d p k - (k-l). 

Proof. The proof will be by induction, and by application of Theorem 
EU For k — I = 1 we must solve 5 C - z H l l+1 = F m (C) - F l+1 (z). We 
can apply Theorem 13.11 to (H l l+1 ) a/3 , and it follows that (H l l+1 ) a p is a 
(1, 0)-form whose coefficients are holomorphic polynomials of degree 
df ~ — 1. 

Assume that the proposition holds for H l k with k — I = i. We first 
prove that the right hand side of ((7)) is 5<j_ 2 -closed. We have 

S ( - M {H l h _ 1 F k (C) ~ F l+1 (z)H l k +1 ) = 

= (^/ w (()-F w ( Z )fliti)F^ 
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since E' is a complex. Now regard the 

k~ Z (H[U = {H l h _ x F k {0 - F l+1 (z)H l k +1 U = 
ffc-i n+i 

= ^(-^fe-l)a 7 ( i7 fc(C))7/3 - y^(i 7 )+l(^)) Q7 (-gfc +1 ) 7/ 3- 
7=1 7=1 

where k—l = The right hand side is a form of bidegree (k—l—1, 0), 
and it is easy to see by examining the sums that the coefficients are 
polynomials of degree df — d k — (k — I — 1). It follows from Theorem 13.11 
that (H l k ) a p exists and is a form of bidegree {k — I, 0) whose coefficients 
are holomorphic polynomials of degree df — d k — (k — I). □ 

We will now prove Proposition 12.21 by adapting the Hefer forms H l k 
to the complex E on P n . From now on, we change notation so that 

( = (£ 0) (') e C n+1 and z = (1, z') e C n+1 . 

Proof, (of Proposition 12.21) The form (H l k ) a p has bidegree (k — 1,0), so 
we have 



\I\=k-l 

We set 

{h l k U{C,z') = cf' 4+{k ' l) £ aKCVCo^O^CVCo)/. 

\I\=k-l 

It is clear that {h l k ) a p is a projective form, since we are multiplying 
with a high enough degree of ( , and that it takes values in the right 
line bundle. Now, note that 

M(G/Co) = - 0/Co- 

We have 

^{ti k U = C T - 4Hk - l - 1] £ S±a/(C / /Co,«0(*i-(i/Co)d(C , /Co)^ = 

\I\=k-l j&I 

= <f " <+(fc "^ 1) *c'/cb-^(fii)^(C , /Co,^) = 

= <f " <+( *"'" 1) (^J_ 1 (C / /Coy)/*(C / /Cb) " fi + i(z')H^(('/( ,z')) a p = 
so we are finished. □ 
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4. The Buchsbaum-Rim complex 

We will now introduce the Buchsbaum-Rim complex, which is a spe- 
cial case of our complex P over P n . For more details about this complex 
see e. g. [3]. Let P : C n — > Hom(C m , C r ) be a generically surjective 
polynomial mapping and Z the set where P is not surjective. The 
mapping P will have the role of Fi in the complex Q. Assume that 
deg (P J ) < dj, where P 3 is number j in P, and d\ > d 2 > • • • ■ Let p(() 

be the matrix with columns p J \() = <V P 3 ((' / Co) • The mapping p will 
have the role of fi in ([3]). If Pi, ... , L m are trivial line bundles over P n , 
with frames ex, . . . , e m , we can define the rank m bundle 

Pi = (O(-rfi) g> In) © • • • © <8> L m ). 

Let Po be a trivial vector bundle of rank r, with the frame {e.,}, and 
let Pij be the i:th element in the column pi. We can then view 

m r 
i=l j=l 

as a mapping from Pi to E . Contraction with p acts as a mapping 
5 P : Pi <g> P * C. 

Now, note that we can also write p = YlVi ® e % where pi = YlijPij e *j 
is a section of P*. Let 

det p = pi A . . . A p r ® ei A . . . A e r . 

We now get a complex 

n w tp Jl+ tp ^1 tp JL. TP n 

u — ► hj m - r+ i — > ■ ■ ■ — > Ei 3 — > £/ 2 — > ti\ — ► —> u 

over P n , where for > 2 we have 

E k = A k+r ~ 1 E 1 ® S fe - 2 P* ® det P*, 

and .S'Pq is the subbundle of (^) Pq consisting of symmetric /-tensors 
of Eq. By / : P — > P we mean the mapping which is either p, detp or 
5p, depending on which E k we restrict it to. We assume that r is odd, 
so that d o det f = — det / o 8 and consequently d o f = — f o 3. If r is 
even, one has to insert changes of sign at some places. 

Next, we can construct currents Uj- with bidegree (0, k — 1) and R k 
with bidegree (0, k), with values in Hom(P , E k ), such that (/ — d)U = 
Ie — P, or in other words 

pUi = I Eo , (det p)U 2 - dUi = -Pi, and S p U k+1 - dU k = -R k 

for k > 2. See [3j for details of the construction. 

Now, recall that we want to solve the division problem $ = PQ, 
where $ = ($i,...,$ r ) is an r-column of polynomials of degree p. 
The homogenized version of this is = pq, where takes values in 
O(p) <S> Eq, so that we can apply Theorem I2.4L To do that, we have to 
determine the d k of the Buchsbaum-Rim complex. 
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For Eq we have r = r and d 3 = for all j, and for E\ we have 
T\ = m and d\ = —dj. Furthermore, for E k with k > 2 we have 
Tk = (k+r-i) r ' k ~ 2 / — 2)!, where ( fc+ '^_ 1 ) is the dimension of A k+r ~ 1 E\ 
and r k ~ 2 j(k — 2)! is the dimension of S k ~ 2 E^. However, it is only the 
factor A fc+r_1 £'i that contributes with any non-trivial line bundles, and 
and so we will not be interested in the factors in S k ~ 2 E§ ® det Eq. We 
then have d{ = — J2 iGl di where \I\ = k + r — 1, by which we mean 
that the coefficient of the basis vector a in A fc+r_1 i?i will take values 
in 0(4) = O(-£ te/C Q. 

Recall that f k = 5 p :E k ^ E k _ x for k > 2. Let f k J be the coefficent 
of ej <g> e*j, where |/| = k + r — 2, | J| = + r — 1 and I C J. Then J 
takes values in 

0{dU - d{) = 0(J2 di-J2 d i) = Ofa) 
iei ieJ 

where {j} = J \ I. In the same way, H l k : E k —>• £7, and for k, I > 2, 
we have that {H l k ) IJ is a (A; — /)-form whose coefficients take values in 
0(J2ieJ\i di + k — I) and are holomorphic polynomials in z of degree 
E, 6 jvr *-(*"')■ Also, = if / £ J. 

Theorem 4.1. Xei -P(C') : C™ — > Hom(C m ,C r ) be a generically sur- 
jective polynomial mapping where the columns have degree dj, and 
<3>(C) = ($i, . . . , $ r ) a tuple of polynomials with degree p. We have the 
following decomposition: 

= P{z')Q{z') + J H°R(j> A a n+p , 

where Q(z') = Qi( z ') e j w ^ 

Qi{z') = J^(h l U<P)^a n+p . 

If R<f) = 0, the second integral will vanish and we get a solution to the 
division problem. Moreover, the polynomial degree of PQ is p + d\ + 
. . . + d^ +r , where p = min(n, m — r) . 

Proof. From Theorem 12.41 we have 

degPQ < max(/5 — d k ). 

Since d\ = — J2 ieI di with |/| = k + r — 1, the degree is obviously 
largest when k is maximal and when we choose I = (d\, . . . ,d k+r -i). 
We recall that U k — if k > p, + 1, where p = min(n, m — r), and the 
theorem follows. □ 

Example 1. If r = 1, the Buchsbaum-Rim complex will simply be 
the Koszul complex. To obtain Hefer forms, we first find a (l,0)-form 
h((, z') = hij€i <g> e* taking values in 0(1) ® Horn (Ei, Eq), such that 
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A a 



n+p 



5 v h = p — p z . It is then easy to show that h! k = (Sh) k 1 will act as a 
Hefer form. We get the decomposition 

$(z') = P(z')Q(z>) + [ £tf*(ify(C)) 

Jp™ k 

where Q(z') = Y^,™ Qi( z ') e j with 

QM = [ Co E tW) A a"+'. 

Furthermore, deg < p + d\ + • — h d^i, where /x = min(m — 1, n). 

Remark 1. Following Hergoualch [10J, who uses an idea of Fuhrmann 
[7], we can reduce the case r > 1 to the case r — 1, but we will then 
lose precision in the degree estimates. If we wish to solve PQ = $, as 
before, we can instead set p' = p\ A . . . A p r and solve p' ■ q'j = <pj. Note 
that we will then get a solution q'j taking values in E[ = A r E\. Since 
the vector space E[ has dimension m! = (™), the previous example 
will give deg P'Q'j < p + d[ + ■ ■ ■ + d' where p! = min((™) — 1, n). 
We have d' x — d\ + ■ ■ • + d r , so we can make the estimate deg P'Q'j < 
p+{p' + l){d l + -- - + di). 
Now, we can set 

Note that qj takes values in E% and that pjqj = <pj. Let q — q\ H q r , 

then we have PQ = $, with deg PQ < p + (p' + l){d x H h dr). 



Remark 2. It is possible to get a slightly better result than Theo- 
rem 14.11 by means of solving successive (^-equations in the Buchsbaum- 
Rim complex, as is done in [3]. We will sketch this approach. First, we 
modify the Buchsbaum-Rim complex by taking tensor products with 
O(p): 

-> E m - r+1 ® O(p) -^•••^E 1 ® O(p) ^E ® O(p) -> 0, 

If is a section of E ®O{p) and Rf<fi = 0, it is clear that v = 4>U solves 
V p f = 0. As in the classical Koszul complex method of solving division 
problems, we need to solve a succession of equations dwk = Vk+6 p Wk+i- 
The holomorphic solution will then be V\ + 8 p w 2 . In order to solve the 
(^-equations, we need to assume that 

n+r 

m < n + r — 1 or p > dj — n, 

l 

where deg $ < p. With this method, one proves that there exist poly- 
nomials Qi, . . . , Q m such that deg PQ < p (Theorem 1.8 in [3]). 

Actually, by Proposition 5.1 in [H] we can solve (9-equations for (0, q)- 
forms taking values in Oil) explicitly. It is thus possible to obtain 
explicit solutions with these better degree estimates as well, although 
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these solutions will be more complicated than the ones from Theo- 
rem 14.11 since they will involve p integrations. We do not know if it 
is possible to find a weight such that the method in the present article 
yields explicit solutions Qi, . . . , Q m such that deg PQ < p. 

Remark 3. In the case of the Buchsbaum-Rim complex we can at 
least partially find explicit Hefer forms. As in the example above, we 
find h such that 5 v h = p — p z , and we let h l k = S^~ l for k > I > 2. We 
also have h\ — h and 

r 

h\ = ^(-l) fe+ V A ... A p*- 1 A h k A (p k+1 ) z A ... A (p r Y <g> Cl A . . . e r , 

k=l 

where h k is the k:th column of h. We refrain from trying to find explicit 
expressions for h° k for k > 1 and h\ for k > 2. 



We can get several corollaries to Theorem 14.11 that give conditions 
which ensure that Rf(f> = 0, and state what the estimate of the degree 
is in that case. First, there is a classical theorem by Macaulay p2] 
which says that if r = 1, $ = 1 and p 1 , . . . ,p m lack common zeroes in 
P n , then we have the estimate deg P l Qi < dj — n. By means of 

residue currents, one can get a generalization to the case r > 1: 

Proposition 4.2. Assume that Z is empty. Then there exists a matrix 



n . 



Q of polynomials such that PQ = I r , and deg PQ < Y^i r dj 

This is Corollary 1.9 in [3]. By using integral representations, we can 
get instead 



Corollary 4.3. Assume that Z is empty. Then Theorem \4.1\ yields an 
explicit matrix Q of polynomials such that PQ = I r , and deg PQ < 

Proof. We first note that necessarily /i = n since codimZ = m — r + 1. 
The result now easily follows by several application of Theorem 14.11 
where one chooses the columns of I r as $. □ 

If Z is not empty, we would like some condition which guarantees that 
Rf(j) = 0. We define the pointwise norm \\4>\\ 2 = det(pp*)\p* {pp*)~ l 4>\ 2 ■ 

Corollary 4.4. // 

(8) || 0|| < C det(pp*) min( "' m ~ r+1) , 



then Theorem \4-l\ yields explicit Q such that PQ = $ with deg PQ < 



p + d\ + . . . + d^ +r , where p = mm(n, m — r). 

This follows from Proposition 1.3 in [3], which says that if ([HI) holds, 
then Rf(fi = 0. Just as for the previous corollary, this is not the optimal 
result, which states that there exists a solution Q such that deg PQ < p 
(see Corollary 1.10 in [3]). 
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Remark 4. Another possible application for Theorem l2.4l is the Eagon- 
Northcott complex. This is used if we want to solve the equation 
(detp) • q = 0, where is a scalar function. The complex is given by 

where 

E k = A k+r ~ 1 E 1 ® S^E* <g> det E*. 

We have already solved this equation in Remark [U but by applying 
Theorem 12.41 to the Eagon-Northcott complex we can obtain a sharper 
degree estimate. Note that in this division problem we actually have 
r = 1 and so we could solve it by means of the Kozsul complex, but we 
can improve the degree estimate by choosing a complex that takes ad- 
vantage of the fact that our mapping det p is constructed from another 
mapping p. 
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